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Sc:u:  Uounds on balanced block clesi qns

3anpei Kageyama and Takumi Tsuji

Hirosh ima Univers i ty

Abstract

Bounds on the latent root of the C-matrix and the number

of blocks for a variance—balanced block desicjn are given .

These resul ts  in clude the wel l  known resul ts as special

cases.



Som~ bounds on balanced block designs~~

Sanpel Kageyama 2
~ and Takumi T s u j i

1. In troduction

Consider v treaLments arranged in b blocks with the j-th block

being of size k .  (j  = 1,2,. •• ,b) in a block desi gn w i th  incide nce

matrix N = l~n .~~ ll such that the i—th treatment occurs r1 times (I  = 1, r

2 , ”• , v) and the i- th t rea tment  occurs in the j — ~ b block n .~ t im e s ,

where ~~~ can take any of the values , 0, 1, 2,” , n-i. Such a

is called an n— a r y  h iock d esi c n.  If n = 2 , the desi gn is cal led a

binary b lack  desic~n .  Le t  T1 be the total y ield fo r  the i — t h  L rcatm er .t

and B .  tha t  for  the j — t h  block . On wr i t ing  T ’ = (T i,~~~
.,T

~
) and

B’ = (B l, • .
~~

, B
b

) i n  n i t r i x  not a t ion , the ad jus ted in t rablock nor mal

equa tions fo r  e st H ~-j t incj  the vector of t rea tment  e f f ec t s  t can be

wr i tt en  umLe r the j ; ~~~ Li. a s sump Li on5 as

Q = C b

1) This paper  Wcl ~~ r I 1 ~~~1red in pa r t  while  the author  was v i s i t i n g  th~
Depar tment  oC :~- L L i l C ’m . l b i cs , Un ive r s i ty  of I l l ino i s  at  Ch i car o
Ci rcle , Chica :~r ; , I l l i n o i s  6 0 6 8 0 .

2) Research p a r t i . i H y  ~,u ~~ ;ortc d by Grant  No. AT” OSR 7 6 — 3 0 5 0 A .

— 1 —

- ~~~~~ ,-- --- - :~~~~~~
- : . -~



_ _ _ _ _ _ _  
-- — --.-  -

~~~~~~~~~~~

——

~~

-- — - - - 

~1

where ~~. is the est i nate of t ,

Q = T — N diag~ k1
1

1k2
1
,... 1kb’) B ,

C = di aq [r ,,r2,••• ,r }  — N

and diag stands for a diagonal matrix and A ’ is the transpose of the

matrix A , and fur ther let diag{r11r 21 • • •  ,r }  = D
r 

and dia~~ k1, k2,...,

kb
} = Dk. The m a t r i x  C is well known as the C-natrix of a block des ign .

Since each ro’..’ (or column ) of C adds up to zero , the rank of C
—l ”~ — 112 —l’2is at most v—i , and ( ;  ~~~,v / 

, , v / ) is the latent vector

corresponding to thu zero root. If the rank of C is v-i , the desi gn

is said to be connectc1~ (cf. [ 3 1) .  We shall  deal only with connected

desi gns throughou t Lh is paper.

A block desi q i  is said to be balanced if every elementary contraUt

of t rea tmen ts is e~~Linia Led ~‘iith the same variancu (cf. [llfl. In this

sense, this design is also called a variance—balanced block (BB) desi gn .

Fur thermore , it is known ( c f .  [5] , [ 6 ] ,  [7] , [81, [9], [10], [11]) that

an n—ary BB design ~:ith  parame ters v (~ 2) , b (‘ 0) , r. (> 0) , k~ (~~~ 
2)

Ci = 1,2, ”,v; j = l ,2,” ,b) can be given by an incidence matrix N

sa t i s fying

(C =)  Dr 
— h Dk~

’ N ’ = 

~
I

v 
— (l/v)G

~~
}

~.;he re p = ~~Y1r. 
_ y . h

j(l/k j~~Y1
n~~.}/ (v_ 1), 

~~ 
is the un it :.atrix

of order v , G = N and  E is an x s matrix w i t h  pos i t ivo  u n i tv v v  lxs

elements everywherc . Note that for a binary ED design , c = ( ‘
~
Y,r i— i )

/ (v-l).

— 2 —  
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The literature of block desi gns contains many articles exclusivL’iy

related to BB desic;us. The interested reader cn n  re fe r , fo r  exa mple ,

to [5] , [6], [7], [ 8 J ,  [ 9 1 ,  [10] and [11] for details . Kageyama [7],

[8]  an d [9 ]  has en ten sively dealt wi th  combinato rial propert ies and

constructions of b inary  BB designs .  In this pape r , for an n—ary BE

design some bounds on the latent root of the C-matrix and the number

of blocks are given. These results include the results well known frori

various aspects of experimental  designs .

Finally ,  since a design unique ly determines i ts incidence ma t r ix

and vice versa , both a desi gn and its incidence matrix are denoted by

the same symbol throughout this paper.

2 . Bounds on the latent root and the nu::~ber of blocks

Let rearrange blocks of a block dasign N as N = [N 1 : N2] , where

N1
t s (i = 1,2) con~~i,st of sonic blocks. rlil.Icn the C — m a t r i x  of N can

be shown to be

C = C l + C 2 ,

where C ’ s Ci 1,2) are the C-matrices of Ui
’s. Hence , for  example ,

if C1 = 0, then N1 does not influence discussions on the C-matrix of

the desi gn N. Hereinafter we will exclude from our consideration a

collection of blocks whose C-matrix is a zero matrix. This collection

of block s can he c har ac t e r i zed  as follow:-;.

Lemma A. The C-matrix of a collection of some blocks is a zero

matrix if and only li each block con tains at most only one treatment

a ( >  0)  t imes .

—

- -- 

- 

--— ~~~~~ ‘

-~~~ — . — - - - - —~~~~ ——---- ..- -- --—— —.—. - . -• ‘~~~—. ~~~~ .- . — ‘ - i—- - - - —



Proof. For a collection of some blockU;, le L the rcsgccti’.~

numbers of treatmen L; and blocks be v* and h-~, dni further beL the

replication numbers of treatments and the sizes of blocks be

(i = 1, 2 , ... ,v*) and k~ (j  = l,2,...,b * ) ,  respectively . We denote

the incidence matrix of a collection of b* blocks by N~ = ~n. -

- 
l J i

(i = 1, 2 , • -  . ,v~~; j 1, 2 , .~~. ,b*)  . (Necessity part) : C = diag[r~~,r~~,

— N* diac;[k~ 
1,k l

, . . . , k~~~~
l } N* I  = ~~~~~~~ is equ iva len t  to

diagfr~~,r~~,...,r*~~} = N* diag~k~ 
1 

~~~~~~~~ ,k~~k
’}N* 1 which is

expressed as

( 2 . 1)  r~ = ~ ri ~~,/k ~ for  all i l , 2 , ,v* ,
j= l  -

b*
(2.2) 0 = ~ n . . n . , . / k ~ for  all 1, i’ (i~ é i ’ )  = l,2,•..,v*,

where 0 is an s >‘ t m a t r i x  whose elements are a l l  zero . Since k~ > 0sxt  3

for  all j ,  ( 2 . 2 )  y i e lds  n.
1
n. ,1 = = = ~~~~~~~ = 0 for  all

i , i’ (i ~ i’) which imply tha t  each block con ta ins  at mos t on ly one

treatment  a times for some a ( >  0)  . (Sufficiency part) : It obviously

follows from the assumption that relations (2.1) and (2.2) holds .

Then we have C = C) -v k 
V

A

Remark 2 .1 .  F inn  Lemm a A , each block of a nr~ design which wi ll

be con~;idercd hero con Lains at least two distinct treatments .

The l a t e n t  roots  of the C-mat r ix  play an impor t an t  role in

problems c o n c e rn i ng  ef fi c ie n c y  and analys is  for  block dos iqn s .  Esp- .~-
say ,

c i al l y ,  as a bound on the latent root, 0, fo r  the  C— m a t r i x ,  it  is kncn.~

-I
’

— 4 -



(cf. [7], [9]) Lh~i L 9 max r~ for a general b lock design. The
— 

l<i<v

problem on an improvement of this bound is f i r s t  conside red in this

section for  the fo~ 1owi ng two cases.

For the convonience of notat ion , we f u r t h e r  let max r .  = max i
1 -1<1<-;

mm r .  = mm r., aax k. max k. and mink. = mm k. .
1 1fi~v

’ ~ l<j<b~~ ~ lfj<b~~

2 .1 .  For b inary  BB desi gns

We f i r s t  obtain the fo l lowing  bound on the latent root of the

C-matr ix .

Theorem 2. 1.1.  For a binary BB desi gn w i th  parame ters v , b , c~~1

(i = l , 2 , ”• ,v; j = l , 2 , ”~~ ,b) in which C = ~{I~ — (l/v)G
~~
},

—~~-(max ri
) (1_

m
i n
’
k ) ~ p < ~~~~(min r~

) (l_
~~~~~ k

)

holds .

Proof .  Comparing any diagonal  element of L i e  C-ma t r i x  (
~ Dr

— ND
k
1N ’ — ( l / v) G } )  yields :

n. n.
1 iir. - c 1 - —) = -— + + -—

1 v k1 kb

f l .  + “ • + n .
.~. 

i]_ ib
m a x k .

J

= rj / (max k~ ) I 1,2 ,-” ,v,

which implies p < { v/ ( v — .L ) } r 1f l —  1/(max k.)) for  all  i = 1, 2 , ”- ,v.

5 .



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I1en~ e we get

V - 1
( 2 . 3 )  p < —- (mm r.) (1 — _____

1 m a x k .  -

J

On the other hand ,

- n. n.I ii ibr. p (l
~~~:) = — j

~
--— +

1 1 b

n -  +~~~ • + n .:i~1 ib
= r. / (lain k.)

= m ink. i j
J

which y ields p > {v/ ( v - l ) } r . { 1 —  l/ (m i n  k.)) for all i = l,2 ,”~~,v.

Hence we get

(2.4) p > ~Y-f(max r.) (l~ 
— 

mi n k~~

Thus , relations (2.3) and (2.4) imply the required result.

Remark 2.2. The upper bound on p in Theorem 2.1.1 is attainable

if the desi gn is e qu i b l o c k — siz e d  ( in  which case , it is obvious that

the desi gn is a balanced incomple te block ( B I B )  desi gn)

For a b i n a r y  N B desi gn we h ave the exact value of p , i.e. ,

= - h)/(v - 1) . In this sense , the ve ry bound of Theorem

2 .1 ~1 may make rio s;on:;e practically. However , Theorem 2 .1.1 yields

a strong restriction on replication numbers  r1 (1 = 1,2 ,”~ ,v) as

follows .

Corollary 2.1.1. For a b~ nary 813 design wit - h parame ters v , N , r.

and k. for i = 1,2 ,~~”,v and j l ,2 ,” ,U ,

— 6 —
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‘
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-,

i~i i n  r . max k mm N - — l
- . ( j ) ( 3

ni~x r -  max k — i  mm N. -

1 J 3

Remark 2.3. Since mm N . > 2 and v > max k., Corollary 2.1.1
= 3

f u r t h e r  implies t1~at

:nn r .  max k.
_2~~ J 

> 
V

mex r. 2(max k.—1) = 2(v-l)
1~ J

Since v > max k. for a binary design , Theorem 2.1.1 yields

Corollary 2 . 1 . 2 .  Foi~- a b inary  BB design ~vith parameters v, b , r~
and k. Ci = 1,2,-” ,v; j = l,2,~~~ ,b) in which C = p {I - (l/v)G

~~
},

p < mm r.
= 1

This upper bound is not superior  to the upper boun d in Theorem

2. 1.1. When v = max k., both the bounds are the same . However, the

bound in Corol lary 2 . 1 . 2  is very simple and p rac t i ca l. Thus , th is

bound appears to be worth describing.

2.2. For n-ary BB designs

We here consider bounds on the latent root of the C-matrix for

an n—ary BB design . First of all , the bound ~n Corollary 2 . 1. 2  is no b

general ly valid f o r  an n -a ry  EB d.~si gn .  For examp le , we can produce a

BB design with parame ters v = 3 , b = 5 , r1 = 4 or 9 , k. = 4 or 6 ,

whose incidence ;a a L r ix  is given by

1 1 1 1 0

3 3 0 0 3 and C (9/2){1 3 
— (l/3)G 3

}

0 0 3 3 3 ~~~~~

— 7 —
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In this case, p = 9 / 2  > m m  r. 4.

We then descrLae an upper bound on the latent root of the C-matrix

for an n—ary BB design .

Theorem 2.2.1. For an n-ary BB design with parame ters v , b , r.,

k. (I = l,2,•.- ,v; j = l , 2 , • - - ,b) in which C = ç~~ I~~~~ ( l/V ) G
v

} such

that r1 < r
2 ~ < r ,

r +r
p < min[ 2 ~~ 1 ~~ 

— 

maxk)~ 
. -

Proof. An argument for the former in the proof of Theorem 2.1.1

still holds for  an n-ary  BB design . We then have p ~~~ {v/ ( v — 1 ) ) r 1[l -

1/(max k.)]. Next , from the form of the C-matrix , i.e., Dr~~
NDk

1N ’

= ~~ I~~- ( 1/v)G }, we get that  for any column ve c to r x ,

x ’ ( D _ N D
k
1N ’ ) x ‘

~~~v (l/v) G~~
}x

which imp lies th at , let t ing x ’ = (1//i ) (1, —1 , 0 ,”., 0)

p = ~~(r
1+r 2) 

- 

j= l~~~~~~~~~~~~ 

-n 2.)
2
/k.}

which yields p < (r
1

+ r 2) / 2 . Hence the pr oof is comple ted .

Remark 2.4. One of upper bounds in Theorem 2.2.1, p ~v/(v-l)}

(mm r.) [1 - l/(max k.)] , a t t a in s  the bound if k 1 = k2 ~~~~~~~ = 
~b and

any row (of N) in which mm r
~ 

is a t tained ~s bin ary.

Remark 2 . 5 .  From a method similar to Theorem 2.1.1, we can give

a lower bound on p as follows : p ~ {v/(v—l) } max [r .Cl—r ./ (min k.)}]
— 1( i< v  1 J

— 8 —  

~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _ _



—- —- ,~

for  an n— a r y  BB desi gn .  h oweve r , t h i s  hound is mean ing f u l  only if

there exists an r- such that r. < mm k..
1 1 3 

-
r

When max k
i 

-
~ v in Theorem 2.2.1 , it is clear that

> r > r (1 - _______

2 = . 1 v-I 1 max k.
- 

-

Then we get

Corollary 2.2.1. For an n-ary BB design wi th  parameters v , b ,

r
~~
, k~ in which C = pil l -‘(l/v)G } such that r

1 
< r2 

< <

(i) if r
1 

= r2, n < mmn~ r1, ~~1-r1 
(1 — l/(max k~~))}

~~
(ii) if v > max k., p < ~~~~(min r.) (1- 

1 < mm r. .-
~~ 

= 1 = v—i i max k. = 1- J

Remark 2.6. Each of two conditions , r1 = r
2 

and v > max ~~~ is a

s u f f i c i e n t  condition for  the validity of the bound p ~ ruin r1 (=  r1)

We can give other s u f f i c i e n t  conditions. For examp le , from Ci ) in

Corollary 2 . 2 . 1 , we have only to consider a case in which the cardi-

nality of set {i: ruin r. is attained} is one (i.e., r
1 

< r
2 

< < r ) .
i< i <V 

-

In this case, as a sufficient condition for  p < r
1 

to be valid , we can

present each of the following two cond i t ions: For a BE design N =

(a) v n1 . k. for all j such that  n~~ > 0;

h -)

(b) v 
~ 

> r
1
.

As another upper bound of r e f l e c t i n g  certain block s t ruc ture, we

f have for  an n — a r y  RB desi gn

L~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-

~-
_ _ _  

. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~: -



(2.5) p ~ (v mnx A . .,)/(min k.) ,
Li / 1 <V 1 3

where A~~~, = ~~~~~~~~~~~~~ This can be shown as fo l lows : From Frobeniu s ’~
theorem (cf. [2], p .’~6) , we have

(2.6) p > 2 rue-i c,. + (v—2)d
— 

l< i<v ~~

where c~ j is the i-tb diagonal element of the C-matrix and d is the 
-

numerically larges t  absolute value of o f f — d i ag o n a l  e lements  of C. Now ,

n. n ., n. n.
d j  = max 

~ 
ii i 1 + + ib i ’b

l<i ,i ’ <v 1 b

f l .  r i . 1  + ... + fl . f l . ,
(2.7) < max { il i 1 

- 
ib 1 b }= . . ,  mink.

1 ,1 J

= (max A.. ,)/(min k.)
i , i ’  11 J

bwhere ?.~~~~~~~~ = 

~j L ~ i j~ i ’ j~ 
Since ~~~ = p (1-1/v) and v > 2, we get ( 2 . n )  

-

from (2.6) and (2.7) . However, bound ( 2 . 5 )  may be not r e l a t ive ly goad

as an upper bound.

Fur thermore , we can p resen t  mathemat ica l ly  an upper bound on o

which gives a partial improvement of Theorem 2.2.1. The f o l l o w i ng

result also plays an importan t role on an argument (of Section 2.3)

providing sufficient conditions for the validity of Fisher ’ s i n e q u a l i ty .

Theorem 2.2.2. For an n-ary BE design w i th  parame ters v , b ,

k. Ci = 1,2, ”,v; = 1, 2 , ” . ,b) in which C = 
~~~~~~~~~~~~~~ 

(l/v)G),

— 10 —

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

-

~~~~~~~



where p 0 is the l as t posi t ive root of the f o l l o w i n g  poly nomial of

degree v—l

(2.8) f(p) = ID — 

~~v 
+

~v — l  v
= t_ C r . ) p~~~ + ( 1 )

V_ 2 
~~~~~~~~~~~~~~~

i=l 1< 3

+ (_1)v 3  

i<~ <k i j k + ... + ~~~ r1r9 
• . .  r .

The proof of this theorem needs some prel iminary resul ts. The

following two lemmas are available in various books on linear algebra.

Lemma 2.2.1 (cf. [1], p.75). For a real symmetric matrix A

of orde r v , A is posi t ive  def in i t e  if and only if

~~~ > U for s = l , 2 , ... , v

where

a11 a12 a1
a21 a22 a2

a a “ asi s2 ss

Lemma 2.2.2 (cP. [1], p.117). When A is a real symmetric matrix

and B is any princi pal submatrix of A , the maximal la tent  root of A

is greater  than or equal to the maximal latent root of B.

Proposit ion 2 . 2 . 1 .  There exis ts  the least posit ive root (=

say) of f(p) in (2.8). Ci) If p < p 0 ,  then Dr~~ ~
I
~~
+ (p/v)G

~ 
is

positive d e f i n i t e. ( I L )  if  p p 0 ,  then Dr
_ p lv + (p/v)G

~ 
is posit ive

— 11 —
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,1
semidefinite arid si u l i u l a r .  ( i i i)  If p > p 0, t h e n  D

r 
— + (p/v)G

is not  posi t ive  s o r t r c d ’  f i n i t e .

Proof. Let = ~~~~~~ 
~~~~~~~~~~~~~ 

(p/v)G5 for  s = l , 2 , .” ,v which  is

a pr incipal  submatr ix  of Dr
_ p l

v + (p / v ) G v ( =  ND~
1N ’), where ~~~~ = d t a c i ~~r 1

r2,.”,r} . Further , let f~~~~( p )  I A~~~I for  s = l,2,•..,v. In

particular , f
(~~~T )  ( p ) = f ( p )  in (2.8). Now , consider roots of f

(S) 
~~~

- p {I
5

— ( 1/ v ) G 5 }I = 0 which also yields p / 0. Then the nonzero

roots of f ( s )  
( p )  can be shown to be equ iva len t  to the nonzero  roots of

the following equation :

— 1/2  — 1/2  
-

(2.9) (1/p)i - D~~~ 
- C l/V)Gs}D~~~ I = 0

)
_
1/2 -1/2

f or s = l,2,” • ,v. Furthermore , Dr
S 

~~~~ (h /’V s~~~r~~
positive semidefinite . h ence its latent root, l/p, is real and non-

negative , i.e., p is a positive real number. Hence f~~~ ( p ) has on ly

positive roots . Le t  n
( s )  be the least posi t ive  root of f~~~ ( p )

Especial ly , ~ (v )  
~= ø~~~~~ , say)  is the least positive root of f ( p ) . In

this case , we can show that

( 2 .10) ~ (l) > (2) > •~~~ > (v—l) > (v) 
=

1 -1/
2

This can be given as follows. In (2.9), Dr
S ) 

~~~~~~~~~~~~~~~~~ 
(1/v)G5 1 }

—1/2 (~~\
_l/2

•Dr
Sl) is obviously a pr inc ipa l  nubmatr ix  of Dr~~

’ 
~~s 

—

•D~~~~~~~
’ . This f act together  wi th Lemma 2 . 2 . 2  imolies that tie m a x i i i - i I

- 
-1/2 

- 

—1/2 
-

latent root of {i~~- (1/V)Cs}Dr~~ 
is greater than or equal

to the maximal latent root of B’9 ‘ 

~I 
— ( l/ v ) G  }D ’9 /

r s—i s—i r

— 12 —
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This statement y i v i d s  ( 2 . 1 0 )

(I) Since f () ( h )  > 0 and f
(S) ( p )  is a ecIlynuilial, i f  < p~~~, then ,

f rom ‘the meanin g of  p 0, f C p )  > 0 holds for s = 1 , 2 , . . .  ,‘~r . Hence ,

from Lemma 2.2.1 , Dr
_ P I

v + ( p /v )G
~ 

is posi t i ve d e f i n i t e.

(ii) If p = p 0 ,  th en f ( p 0 ) = 0, i.e. , Dr
_ 

G O Iv + (p0/v)G is sinc ,cle:.

For any nonzero column vector x, let X ’
~~
Dr~~ 

fi~~~~ ÷ (p/v)G~
}x = g ( p  : x)  .

Then g(p : x) is c o n t i n u o us  linear function on p and , from Ci) , g( : .  : x )

> 0 for  p < p
3
. Th us , g(j-~0 : x) > 0 for any nonzero vector x. Therefore ,

D —  p~~I~,+ (p0/v)G is positive semidefinite .

(i ii)  Since D 
~~

p
~~
i
~~
+ (p

0/v)G is singular , there exis ts a nonze ro

column vector x such t h a t  {D r~~~
p 0 I + (p

0/v)G }x 0. In this case ,

we ge t

x’{D - p1 4 (-
~
/v) G

~
}x

= X ’{I)r
_ 

~o
1v~~ 

(P 0
/v) G

~
}x+ 

~~~~ 
- 

~~)X
’
~~~~~~~ (1/v)G

~~
}x

= - 

~~i~
’ ~~~ - (l/v)C }x

Cr 0 — p )x’ ~l (1/p 0
)D }x < 0

since p > p0. There f~orc , Dr~~ ~~~~~ 
(p/v) C is not positive semidefiriit:c .

Proof of Theorem 2.2.2. From the C-matrix of the design , Dr~~ ~~v

+ (p/v)G
~ 

= ND
K
’N ’  is positLve serildefinite . Hence Proposition 2.2.1

complete s the proof.

We also give examples showing the goodness of respective upper

bounds in T1’ieorems 2.2.1 and 2.2.2. r

— 13 —
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Example 2.1. Consider a BE design with b arara~tcrs v = 5 , b = C ,

r .  = 4 or 8 , k~~~ = C , whose incidence ma t r ix  is g iven  by

2 2 2 2 0 0 0 0
1 0 0 0 1 1 1 0
0 1 0 0 1 1 0 1 and C = ~~~~ (I r —

0 0 1 0 1 0 1 1  —

0 0 0 1 0 1  1 1
I

In this case , p < (r
1 + r 2)/2 , p < [v/(v—l)]r1 [1—1/ (max k~~)} and p c’ 0

imply p ~ 4, p < 10/3 and p < 4 , respectively . Thus , ruin r. = p~~~.

Nxamele 2 . 2 .  Consider an example described before Theorem 2.2.1.

For t h i s  case , p < (r
1

-~ r2)/2, p < [v/(v—i)1r
1
[1 — 1/(max k

b
)] and p <

i .p i: p < 1 3/2 , p 5 ari d p < 54/11, respectively .

For a notation of Proposition 2.2.1, we have p~~U = {v/(v-1)}r1

- 

( 2 )  
= ~ ( 1 )  Cr 1 + r 7) — 

/(v-1) 2 (r1 + r2) 
2 

- 4r1r2v(v-2) }/2 Cv-
2)

= {(v-1) (r
1 + r2) 

- /(v_l)2(r1 - r 2
) 2 

+ 4r
1
r2}/2(v-2) . Hence

(v-i) (r
1 + r 2) - 

/~v-l) 
2
Cr - r2) 

2 
+ 4r 1r 2

0 2 ( v - 2 )

Fur the rmore , i t  can Lu ea s i l y  shown that

( v - i )  (~~~ ‘ f )  - /~~~~~~-l )  2 ( r  r 2
) 2 

+ 4r1r2 r
1 

+ r7

2 (v—2) 
= 

2

which imp lies t,h J 
~ 

< ( r~ r2)/2. 
Thus , Theorem 2.2.2 (Jives a

partial irnprovui.~’ nt of Theorem 2.2.1.

Corollary 2 . 2 . 2 .  F’or an n—ary BB design w i t h  parameters ~~~~, N , r . ,

(i = ~~~~~~~ ,v ;  = ~~~~~~~ ,b) in which C = 
~

f I
V~~ 

(J/v)G~,} such

that r < r - : . . r1 =  2 =  v

— 1.4 —
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(v- i)Cr 1 + r 2) 
— /(v_1)2 (r

1
_ r~~~

2 +4r
1r2

= 
2(v—2)

holds .

Note that if r1 = r2 ,  Corollary 2 . 2 . 2  yie lds p ~ 
ruin r1 ( =  r 1

)

We now co mpare the value , p0,with an interesting value,rnin r
~~
.

The result of this comparison will be used later.

Lemma 2.2.3. For an .n—ary BB design with parameters v, b , r
~~
, k.

(i = l,2,”~~,v; j = l,2,... ,b )

ruin r
~ 

< p 0

where p 0 is the least positive root of f(p) in (2.8) .

Proof. Ass ume , wi thout loss of genera l i ty, t ha t  r
1 

< r~ ~ ... < r~~.

Now , consider the following matrix for any E such that 0 < ~ < r~~.

Dr 
- (r 1 

- € )I
~ 

+

= diaq{E ,r2
_r

l
+
~~
,...,r

~
_r

l
+c } +

in which case dia q { c ,r2--r 1+E ,.. ,r~~ r~ + c }  is posi tive def i n i te and

{ ( r
i
—c )/v}G

~ 
is positive semidefinite . Thus , Dr~~ 

(r
l
_c)I

V
+((r

l
—
~~

)/v
~
d\

is posi t ive def i n i t e . Hence , from Proposition 2 . 2 . 1 , we obtain p
0

> r
1— c . Since E is arbitrary (0 < e < r 1) ,  p 0 > r

1 = ruin r..

— 15 —
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2 . 3 .  Co n di ti o n s  fo r  F isher ’ s i n e q u a l i t y

We here con s bIer hounds on the number of blocks in a BE desi g n .

Theorem 2.3.1. In an n—ary BB design with parameters v, b , r
~~
.

Ci  = l,2,” ,v; j = 1,2,’” ,b) in which C = p [ I
~~~

— (1/v ) G } , if

p < p 0. then b ~ v holds , where p
0 is the least posi tive root of f ( s )

in ( 2 . 8 ) .

P roo f .  From Ci) of Proposi t ion 2 . 2 . 1 , if  p < p 0, then Dr~~
CIv

+ (p/v)G
~ 

(=  ND~~ N ’) is positive definite . Hence v = rank ND k
1N ’

= rank N < b .

In Lemma 2 .2 . 3, we have ruin r. < p 0. This fact together with

Theorem 2.3.1 implies

Corollary 2.3.1. For an n-ary BB design w i t h  parame ters v , b , r.

and k. (i = l,2,~~” ,v; j = l,2, ”,b) in which C = 
~~~~~~~~~~~~~~ 

(1/v) G
~~
}, if

p < mm r
~~
, then b > v holds .

Note that if -there exists only one i such that ruin r. is attained ,

then the sufficient; condition for Fisher ’s ineq ua l i t y  to be valid can

be improved to p < ruin r
~~
.

From (ii) of Corollary 2.2.1 , if v > max k., then p < ruin r. holds

and hence we have

Corollary 2.3.2. For an n—ary BE design w i th  parameters  v , b , r1

and k~ (i  = l , 2 , ” ,v; j = l , 2 , ”~~~, b)  
‘
in which C = c ’f I ~~~

- ( l/v) G
~~

} ,  if

v > max N ., then b > v holds .
I = L

— 16 —
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As a chara c L- ~ iza Lion of a special case iii w h i c h  the bound of

Corollary 2.1.2 is attainable , we have

Theorem 2.3.2. A binary BB design N with  parame ters v , b , r1 and

(> 2 )  (1 = 1, 2 ,~~~~~
” ,v; j = 1,2,~~” ,b) and C = P C I — ( l/v) G

~~
} s a t i s f i e s

p = ru in r
~ if and on ly if the desi gn is a complete block desi gn ( i .e . ,

N = E
vxb

) .  -

Proof. It is obvious that the sufficiency part is valid. We then

consider only the necessity part. For the C—matrix of a binary BB

desi gn N such th at r
1 

< r 2 
< < r~, , when P = r

1 
(= ruin r 1

) we have

NDk
1
N ’ = D

r 
- + (P/v ) G

~

~~~ 
. . .

V V V

= a r 2
-p+~ -

p = 
~
m . . 11 , say ,

I — 1~]
p • v
V •

p
L ~ r

~~
-P +

~~

for i, j = i,2,”~~,v . Since m11 = ni12 = = m1~ (= P/v) , we get

(2.11) 0 = 
n
ii

(l_ n
~ i

) 
+ 

fl12 (ln ~ 2
) 

+ ... 
+ 

n 11 °-~~~~~~~~i1) fo r  i ~ 2.
1 2 b

Since b > r 1 , we can further assume , without loss of generality , t h at

( 2 . 1 2 )  nll = n l? = ” = n lr = l  and 
~ lr Ll~~~~~~~~~~~ lb 0•

- 1 7 -
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Relations (2.11) and (2.12) imp ly

n .  = n .  ~~~~~“ = n .  = 1  for a 1 i i = ! ,3 ,..~~,v .il i2 ir
1 

- 

- .

Thus ,

~~~~~
0 0 . . . 0

N = E
~r>~r . * 

( =  [N
1 
: H1 say )

the C—matrix of which is given by C = C1
+C 2, where C ’s (i 1,2) are

the C—matrices of 
~~~~~~~ 

Here , C = C
1 

= r
~jI~~

- (l/v)C } and the~-i C
2 

= 0 .

Hence , from Lemma A , 
~2 

canno t happen for this desi gn N. Thus , we

must have r = b and then N = E1 vxb

Remark 2.7. From a method of proving Theorem 2.3.2 , we can al so

deduce that a binary BE design with para me ters V , b , r., k~ Ci = 1,2 ,

“ ,V; j = l , 2 , ” , b)  and with C = p
~~
I
~~

— (l/v)G~~ s ati sfies = r
~

for some i if and only if the design is a comple te block desi gn.

Furthermore , note (of. [4]) that in an n-ary BB design N wi th  parame ters

V , b , r and k~ (j  = 1,2, ” ,b) and with C = PC I v
_ (l/v)G } , ~ = r holds T

if and only if each row o~ N is equal.

As seen from Remark 2.7 , a BE desi gn is us ua l ly  considered in the

followi ng case , aside from trivialities: (j) p -: r. for all i in a

binary BB desi gn. (i i ) II < r in an n-ary equir epl icated BE desi gn.

From Corollat-i (:; 2.1.2 and 2 . 3 . 1, and Theorem 2 . 3 . 2 , we obtain

an useful result :

Corollary 2.3.3. For a binary BE design w i th parame ters v , b , r .,

k .  C > 2 )  Ci l,2 ,” ,v; i = 1 , 2 , ’”  ,b ) which is not of type 
~v~b’

b > v hold;;.

— 18  —
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Incidenta] [-/ , .as more general bounds on thu number of blocks

which are differen t from Fisher ’s inequali ty , ‘u , c a i i  get 
A

P.

Theorem 2 .3 . 3 .  For a b ina ry  BB design with parame te rs v , b , r1,

k. and n = ~~~.
V r. =~~~.b k.,

3 i l i  •- - j =l j

1 . 1n — ( 1—  —
~~

--
~

---—)  (iran r.)v < b < n — ( 1—  - —) (ira; . :  rjvmax ~ - 1 = = ruin k . 1
3 3

Furthermore , if the design is equi repl ica ted  (i.e., r1 = = r~1 r ,

say ) ,  then

r r( )v < b < C— )vmax k. = = ruin N.

Proof. From a comparison of the i-th diagonal element of the

C—matrix (=  D
r
_ ND

k
’N ’ = p{I - (l/v)G }) of a binary BB design with

parameters v, b , r., k
~ 

and p = (n-b)/Cv—l)

2 2

r .  — (—
~~

-
~~~ 

-‘ + ~~~ ~~~~~~~~~ for all i :- 1
i Ic1 kb v =

i . e . ,

2 2

( 2 . 1 3 )  r. = 4 + ~~~~~~~ + 

n
~ b 

, = l , 2 , ” ,~~~~i v h kb

Relation ( 2 . 1 3 )  can be evaluated in two ways. Fi r s t ,

n. +~~~~~+ n .
ri—h ii ibr. > — -- -  -~

1 =  v m a x k -

r .
= + - - - _L.

v m a x k .  /

which yields (ruin r.) (1 — 1/ ( m a x  k ~) } ~ (n-b) /v. 1encc we have

- 10 -

_ _  ~~~~~~~~~~~~~~~~~~~~~~~~ 
-
~~~~~~~~~~~~

-- -

~~~~
-
-

~~~
------

~~~~ 

—‘--



b ? n — [ 1  — l/(max k.)) (mm r.)v

Whe n r = r = = r- = r, say , we als o have1 2 v P.

I) 
~
- t r / (m a x  k . ) ) v  ,

since n = yr. No:-: ~~~ , 

- 

-

n. + •~~
.+ n .n—b ii ibr. < — +  -

1 =  V min k.
3

r .
~~~1

v m i n k .
J

p

Simila rly , we can got

b < n - {1- 1/(min k)}(max r.)v .

When r
1 

= 1
2 

= = r = r , say , we also have b < ~r/(min k.)~~v.

The last bounu of Theorem 2 . 3 . 3  is obvious , but combi na torially

interesting . No-to that Theorem 2.3.3 still holds for a binary partially

balanced block (Phi;) design (see [7) for the definition of a PBB

desi gn) .

Our s inceres t  thanks are due to P rofessor  A . fledaya t, University

of Illinois , for h i s critic al rea di ng of our f i rst dr af t .
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